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BICOHOMOLOGY THEORY

BY

DONOVAN H. VAN OSDOIil)

ABSTRACT.   Given a triple  T and a cotriple G on a category !D such that T

preserves group objects in ¡D , let P and M be in S with M an abelian group

object.   Applying the "horn functor" 2)(—, —)  to the (co)simplicial resolutions

G P and T   M yields a double complex  iD(G  P, T   M).   The fîth homology group

of this  double complex is denoted  Hn(P, M), and this paper studies   H    and H .

When   5) is the category of bialgebras arising from a triple, cotriple, and mixed

distributive law,   a complete description of H    and H    is given.   The applica-

tions include   a solution of the singular extension problem for sheaves of

algebras.

I. Introduction.  In his classic Tohoku paper [17], Grothendieck solved the

extension problem for sheaves of R-modules over a topological space.   His tech-

nique consisted of deriving the horn functor using injective resolutions.   In 1961

Gray initiated the study of the classification of extensions of sheaves in non-

abelian categories [15].   His technique of solution consisted of taking an injective

resolution of the second variable and a bar-like resolution of the first variable,

and then taking homology of the double complex gotten by "homming" these reso-

lutions together.   Assuming the space to be paracompact Hausdorff and the first-

variable sheaf to be coherent with projective stalks, he was able to locate the

group of singular extensions somewhere in an exact sequence involving Ext's and

Horn's.

Meanwhile, adjoint functors (and their logical equivalent, triples = standard

constructions = monads = • • • ) were being actively studied ([19], [13]).   Their

applicability in the unification of homological algebra was realized by Barr and

Beck, who in a series of papers ([l], [2], [3]» [4], [5], [6], [9]) proved that nearly

every known algebraic cohomology theory is realizable as a triple-theoretic

cohomology theory.   This paper may be viewed as an extension of their work, in

order to cover the areas mentioned in the first paragraph.

When it was discovered (in [29]) that the stalk functor for sheaves on a space
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with values in an algebraic category is cotriplable, the dual of the results in Beck's

thesis [9] made the Godement resolution [14] even more valuable than it had al-

ready been.   One can also find in [29] a proof that algebra-valued sheaves are

triplable over set-valued sheaves.   (For generalizations of these two theorems,

see [28] and [30].)   It now becomes natural to replace Gray's bar-like and injective

resolutions by cotriple and Godement resolutions.   This was carried out in [29]

for the following special case.   Let X be a topological space, R a sheaf of commuta-

tive rings  over X,    Pa sheaf of R -algebras, and M a sheaf of P-modules.   Let G

be the polynomial algebra cotriple lifted to the category of sheaves of /<-algebras

and T the Godement standard construction on the category of sheaves of P-modules.

Then the first homology group of the double complex Der(G" +   P, Tm+   M) (see

§11 for a description of the boundary operators) is in one-to-one correspondence

with equivalence classes of singular extensions of P by M, where Der stands for

the abelian group of global derivations.   The techniques used in the proof of this

theorem are completely analogous to those used in Beck's thesis [9].

It was subsequently proved [27] that the 22th homology group of the double

complex Hom(G* +   P, T!+   M) is isomorphic to Ext"(P, M) tot sheaves of abelian

groups P and M over the space X.   Here G is the free abelian group cotriple lifted

to sheaves of abelian groups and T is the Godement standard construction.   These

last two theorems indicated that there is a very general classification theorem.

There is, and it constitutes the content of this paper.

Although the proof is technical, long, and computational, the ideáis relatively

simple.   A sheaf of algebras can (by virtue of (co)triplableness) be thought of as

a sheaf of sets, each stalk of which is an algebra, such that the structure making

it a sheaf of sets and the structure making its stalks algebras are compatible with

each other.   Now given sheaves P and M of algebras and a one-cocycle (a, b) in

the double complex having boundary operators d and d, we can build a sheaf of

algebras which acts like an extension of P by M (actually, like an M-principal

homogeneous space over P [24]).   We use the product sheaf of algebras   P x M as

a model, but "twist" its sheaf-of-sets and stalks-of-algebras structures using the

cocycle.   The fact that da = 0 allows us to define a new algebra structure on the

stalks   P   x M  , the fact that db = 0 allows us to define a new sheaf-of-sets
x x'

structure on P x M , and the fact that da = db allows us to show that these new

structures are compatible with each other. Hence we have a new sheaf of algebras.

On the other hand, any extension (or principal object) gives rise to a one-cocycle

in the double complex in a natural way, and the resulting assignments are inverse

to each other. The theorem is stated in a more general context, but the reader

should keep the above discussion in mind as he reads the proof.

We call the group Hn(P, M) which arises from our "standard" double complex

the 22th bicohomology group of P with coefficients in M.   The proof that the first
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bicohomology group H (P, M) classifies M-principal objects over P consists of a

generalization of the techniques used in [9J.

§Vof this paper is very technical and probably mysterious, so perhaps a few

extra words about it are in order.   There are at least two kinds of situations in

which, for the purposes of cohomology, one does not wish to work in the category

given.   For example in the cohomology of groups one usually wants to take into

account the effects of a given group operation on another group, and this leads to

the concept of a module over a group.   One defines the cohomology in the result-

ing category of modules rather than in the original category of groups.   Another

example is found in the cohomology of associative rings with identity; in this

category the only abelian group object is the zero ring, and so again one passes

to the category of modules over a given ring for his cohomology theory.   §V is

concerned with this process in general, and shows how the results in the earlier

sections can be used in this a priori more general situation.

The discovery of the bicohomology groups leads to several questions, which

will be dealt with in future papers.   Since Hopf algebras (= bialgebras [26]) are

bialgebraic over modules (in the sense of VlV), bicohomology or some suitable

modification should apply to them.   The immediate difficulty is that the appropriate

underlying functors do not preserve abelian groups.   Another problem is to classify

the second bicohomology group, analogously to [2].   J. Duskin has some unpub-

lished results which may also apply to this problem.   An analysis of the bico-

homology groups using spectral sequences should be carried out in order to facili-

tate computation.   Also, one should try to find a set of axioms which characterize

the theory as a functor of the first and/or second variable, as in [61.

Back to this paper, we will follow certain notational conventions.   We will

identify objects in a category with their identity morphisms, so that a symbol X

will denote either itself or the identity morphism on X.   Given morphisms f: X    '

V, g: Y —► Z  in a category, g • f will denote their composition.   We will delete

all parentheses which are not absolutely essential.   Given objects X, V in a

category Cf, Ct(X, Y) will denote the set of morphisms in Cf with domain X and co-

domain Y.   If Ct is a small category and & is any category, £    will denote the

category of covariant functors Ct —> m, with natural transformations as morphisms.

Given objects X, Y in a category Ct, their product in (Í is X x V with projections

p  : X x Y —> X, p  : X x V —» V.   Given an infinite set of objects  (Xj in a cate-

gory Ct, we denote their product in Cl by IIX. with projections p .: YlX . —► X ..
z z z J

Following a suggestion of Grillet [16], given f: Z —> X, g: Z —» y in the category

Ct the symbol füg: Z —> X x Y represents the morphism with projections / and g,

whereas given f: VI —> X, g: Z —> Y the symbol f x g: VI x Z —' X x Y represents

the morphism with projections / • p. and g • p2-   All other notation is standard,

such as in [22] or [23l.
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II. Basic definitions.   Let 2) be a category with finite products.   Let  T' =

(T , 17  , p ) be a triple on D which preserves finite products, and let G' =

(G  , ( ,8 ) be a cotriple on -Ü [13].   Suppose we are given a (fixed) abelian group

[11] M= (M, //z, u,z) in 3):

M x M x M -        >M x M       M ——-> M x M

xM

Mx M -> M

u X M
M x M-■->M x M ■

-> 1 Mx»('

->M

->M x M

For convenience we will use the more intuitive notation +, -, 0; e.g. given a, b:

X —► M we write a + b = X -—»M x M -24 M.   Since T   preserves products, T'"M =

(T'72Mj   T'72TO>   T'72^(   T'72z)    ¡g   ̂    abel¡an   gfoup   ¡n   J)   fof  each   „   >   Q    fojl       Wg   use

the same  +, -, 0 notation for these abelian groups.

Given any object P in -Ö we can now form a complex of complexes of abelian

groups   C**(P, M), as follows.   Let Cm'n(P, M) = ®(G<m+1 P, T'"+1M).   Define

r,'.:T'nM — T'"+ 'zM by 27! = T' ''jj'T '"_¿M and f.: G'"+1P — G'"Pby i' =

'772+  1
P, T

'72+2G'2f'G'72-2p>   Then (9:î)(G""+lp) T'n+lM)^ J)(G

Î(G""+1P, T'"+1M)^î>(G'm + 2P, T'n+1M) are defined by  d(f) =

M)and d:

1._0(- l)'q. ■ f and d(f) = S._ n (- 1)7 • e..   One shows rather easily that

d • d = 0,  <9 • <9 = 0, and d • d = d • d.   We can then consider the associated double

complex [20], the homology of whose associated total complex we will denote by

H (P, M) and call the bicohomology groups of P with coefficients in M.

In this paper we will be concerned only with  H (P, M) and H (P, M), so we

give a direct description of these.   The group H (P, M) is the intersection of

Ker(c9: ©(G'P, T'zM) — 3)(G'P, T'2M))and Ket(d: §(G'P, T'M) -^§(G'2P, T'M)).

Explicitly, H°iP, M) = !íz: G'P -» T'M\ a • ('G' P - a ■ G' e'P = 0 and

T'27'M • a — t/'t'M • a = 0¡.   To describe  H (P, M) we need some definitions.   A
••2,

homogeneous one-cocycle is an ordered pair (a, b) where a: G     P

G'P — T'2M, and

T M, b:
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(i) a • e'G'2P-a • G't'G'P + a • G'2 A P = 0,

7iii) T'¿r¡'M • b- T'r¡'T'M ■ b + n'T,¿M ■ b= 0

(iii) b • í'G'P - b ■ G'AP + -q'T'M • a- T'tj'M • a = 0.

Let Z  (P, M) be the abelian group of all homogeneous one-cocycles.   A homo-

geneous one-coboundary is any ordered pair (c • e G  P — c • G   e P, T 27 M • c -

rj'T'M ■ c) where c: G' P —> T'M.   Let ß  (P, M) be the abelian group of all homo-

geneous one-coboundaries.   Then  H (P, M) = Z  (P, M)/B  (P, M).

The interpretation of  H (P, M) will involve principal objects [24], and we- now

define these.   An M-object in 3) is a pair  (P', °: M x P' —> P' ) in 3) such that

Mx M x P'-

m X P

Mx P' ■—

M x<
->Mx P'

ziiP

-»p*

MxP'

P'

Jne,
both commute.   Given maps /; X —» M, g: X —» P  we write / ° g = X-»M x P —»

P  .   In   more   familiar   notation,   then, the above diagrams say / ° ig ° h) =

if+g)oh and 0o/=/.   Note that for 22 > 0, (T'"P', ° = T'"o) is a T'n/V1-object.

An M-principal object over P (relative to T' and G') consists of the following data:

(i) An M-object (P\ °).

(ii) A map p:P'^P in 2).

(iii) For each /: X — M, g: X — P'in®, p • if ° g) = P ■ g.

(iv) For each 22 > 0 and each /, g: X -» T'"P'in 3) such that T'"p •/ =

T    p • g there exists a unique / : X —» T "M such that g = f  ° I (where ° = T "°).

(v) There exists a fixed  s: G'P —► T'P' in 3) such that T'p • s = 77'P • f'P.

A morphism  h: (P  , °, p, s) —> (P  , oj ö) ;) 0f M-principal objects over P is

a morphism h: P' —* P" in 3) such that a • h = p and h • if ° g) = f ° h • g fot maps

/: X —> M, g: X —> P .   With the evident composition, we thus get a category

J0(P, M) of M-principal objects over P and their morphisms.

The germ of the idea for such a definition of principal object comes from

Serre [24].   Conditions  (iii) and (iv) simply say that (T'n °, T'np2) is the kernel

.pair of Tnp for all n > 0.   Condition (v) is a kind of local triviality condition; in

the cases in which we are interested, it will mean that p is a split epimorphism

in an underlying category.   In those cases (see §IV) an M-principal object over P

will be simply a map p: P  —> P such that

T'nMx fnP' np'npl Ynp
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is exact in the sense of Barr [2a] and T np is split in the underlying category.

Alternatively, in those cases one should think of an M-principal object over P as

a principal M-bundle whose image in the underlying category is a trivial bundle.

For further interpretation, one should consult the examples in §VI.

III. The interpretation morphisms. Define 6: 3)(P, M) —» H (P, M) by setting

Oif) = V M • f • ( P. That the image of 6 really lies in H (P, M) is easily seen.

For example,

T'rj'M - <?(/)- r¡T'M . 0(/) = T'rj'M . r¡ M . / . A P - r¡ T"M ■ rj'M ■ f ■ A P

= rj'fM . rfM . f . e'P -tj'T'M • r¡' M . f ■ e'P = 0.

It is equally obvious that 0 is a homomorphism of abelian groups.   We thus have

the following result.

Proposition 1.   There exists a homomorphism 0: 5)(P, M) —> H (P, M) of

abelian groups, defined by 6(f) = r¡'M • f • e'P.

We now turn to the more complicated task of interpreting Hl(P, M), and we do

this in terms of zVI-principal objects over P.   Let  (P', °, p, s) be an /M-principal

object over P, and consider the two morphisms  s • e G P, s • G e P: G    P —►

T'P'.   We have

T'p. s . ('G'P = r/P- e'P. cG'P=r¡P . A P . G'7 P = tp ■ s . G'e'P,

so by property (iv) of principal objects there exists a unique  a: G     P —» T  M

such that a o s . e'G' P = s • G ' (' P.   On the other hand,

T'2p ■ rj'T'P' ■ s = rj'T'P ■ T'p ■ s = j/T'P • r¡P ■ AP

= T'-q'P ■ rfP ■ e'P = T' rf' P ■ T' p ■ s = f2p ■ T't¡'P' ■ s

so that again by property (iv), there exists a unique   b: G  P —> T     M such that

b° T'rj'P' • s = t/'T'P' • s.

Proposition 2.  There exists a function A: \96(P, M)\ —> Zl(P, M) given by

\(P',°,p,s)=(a, b).

Proof.  We must verify that (a, b) satisfies the three conditions which make

it a homogeneous one-cocycle.   To prove that a - e G    P + a • G    e P =

a • G e G P, we let both maps operate on s • e G P • e G    P:

(a.G'2c'P + a.t'G'2P)oS.f,G,P.e'G'2P

= a.G'2APo(a.AG'2Pos.e'G,P.AG,2P)

= a . G'2AP o\iaos. t'G'P) - e'G'2P] = a ■ G'2AP o s . G'e'P ■ c'c'2P

= a - G,2AP ° s • AG'P - G'2 AP = («os. AC'P) . GnAP = s . G'e'P ■ G'2AP,
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whereas

a . G'e'G'P o s . e'G'P ■ Ac'2P = a . gVg'P o s . Ag'P ■ G'Ag'P

= (a o s . f 'g'p) - g'Ag'p = s . g'Ap . g'Ag'p = s - G'e'P ■ G'2AP.

Thus by property (iv) of principal objects, a • G    e P+ a • e G    P = a ■ G e G P.

A similar computation shows that r¡ T    M • b + T    rjM'b^TrjTM-b.

Finally, b • G'(' P + T'^M • a = t)'t' M ■ a + b • A G' P because ib • G A P +

T'77'M • a) o TYP'- s - f'G'P= i-q'T'M • a + b • A G' P) ° T'77' P' • s • A G' P.

This completes the proof.

Proposition 3.  // there exists  h: (P', °, p, s) —> (P", °, q, t) in 9QiP, M)

then A(P', o, p, s)-A(P",°, a, t) z's in BXiP, M).

Proof.  Consider the two maps T h • s, t: G'P —> T'P'.  We have T q • T h • s =

T p • s = Ti P • e P = T q • t, so by property (iv) of principal objects there exists

a unique c: G'P —• T'M such that c ° T'h • s = t.   Let A(P', °, p, 5)= (a, b) and

A(P", °, a, 0= (a', b').   Then c • Ag'P'-c • G'AP = a- a'and T't/'M ' c-

r]TM-c = b-b   by computations similar to those given in Proposition 2.

Letting 270(^U(P, M.)) be the set of connected components of JÜ(P, M), we

obtain the following corollary to Propositions 2 and 3.

Theorem 4.   There is a function <u: rrQ(JV(P,  M)) —» H (P, M) given by

&)(class(P', o, p, s)) = class(A(P', o, p, s)).

IV. When the interpretation is an isomorphism.  We are of course most interested

in 6 and a> when they are isomorphisms.   It is easy to give sufficient conditions

for 6 to be an isomorphism.

Proposition 5.   // 27'M  is the equalizer of (tj't'M, T'i}'M) and í P is the

coequalizer of (AG'P, G'f'P), then 8: m(P, M) —» H (P, M) is an isomorphism.

Proof.  If rj M is a monomorphism and e P is an epimorphism then 6 is one-

to-one.   For suppose  6(f) = 6(g).   Then r¡ M • f • e P = rj M • g • e P, so that

/ • e P = g • e P and f = g.   Now assume the full hypotheses of the proposition

and let h: G'P -» T'M be in H°(P, M).   Then h • Ag'P = h • G'AP, so there

exists a unique g: P —> T M such that g • e P = h.   Since í P is an epimorphism,

77 T M*g*f ^ = 7/ T M • h = T 77 M ' h = T r¡ M ' g • £ P implies r\ T M • g =

T r] M • g.   Hence there exists a unique f: P —> M such that tj'M • / = g, and then

&if) =77 M • f • e P = g • e P = h.   Thus Ö is onto, and the proof is complete.

To make &> an isomorphism is a more complicated task.   We assume that we

are given a base category Ct equipped with a triple  T = (T, 77, p) and a cotriple

G = (G, í, §) [13] which are linked via a mixed distributive law X: TG —* GT  [8],

This means that À is a natural transformation satisfying
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(i) GX • XG • TÔ = 8T • A,

(ii) Gp • AT • TX = A • pG,

(iii) A • rjG = G?/,

(iv) <rT • A = Te.

We can then form the category uG    of bialgebras whose objects are all (A, ajt a )

with A in |(?| and oy TA —A,

(i) o-, • Tffj = ax- pA,

(ii) zr. • r/A = A,

(iii) Ga2 • 0"2 = 5A • a

(iv) eA • a   = A,

o : A —» G A in U satisfying

(v) Gffj • A A • Tzj2 = (72

A   in (l suchand whose morphisms /: (A, a., a ) —> (A   , r  , r  ) are all f: A —* ¿\   in

that r, • T/ = / • c,, Gf • a■   = r   • /.   We essentially want ÍD to "be" CtG, but we

must clarify what this means.   The idea originates in [9].

Assume that we have a diagram

with T arising from the adjoint pair  F —i U, G arising from the adjoint pair

S —< Q, T    arising from the adjoint pair S   ~•  Q  , and G   arising from the adjoint

pair  F    —i U .   Suppose that U, U   ate triplable and S, S   ate cotriplable, and

that there exists a natural isomorphism p: SIl' —► US  .   Then -D has a chance of

"being" flj.

To make it so, we first recall that we have (adjoint) equivalences W: C      *

<2G, 0:S^CÍT, W':®-SG„, and <P':®^er" where G "arises from

S   —i Q   and T' arises from F   —1(7.   We want to lift W to 0 and $ to Y, i.e. we

want commutative squares:

V

v

»■

-♦ai

6

►aT.
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In addition, we want © and T to be (adjoint) equivalences.   For this it suffices to

Tr,T»
assume the existence of natural equivalences  a: UGFG^ ~' *HU  F  , ß: <&S Q

SGQG$> such that a is a relative triple map and ß is a relative cotriple map.   We

interpret what this means in the case of a, allowing the reader to write down the

(dual) conditions for ß.   For each object C of |(E|, aC: TSC —» ST'C should be

an isomorphism such that aC • r]SC - Sr¡'C, Sp'C • clT'C • TaC = aC ■ pSC, and

GaC • XSC • TS77C = 5t7T'C • aC. In the presence of such a and ß, define

®(C, y) = (SC, Sy . aC, SrjC) and T(B, r) = (ÜB, UeB, ßB • Ut).   The verification

that 0 and T ate adjoint equivalences can safely be left to the reader.   Finally,

we require that

3)

*•

8^

.e*

^l

commute up to (unique) isomorphism.   This imposes two conditions on a, ß, p,

namely,

UFSU'—^i->SU'F'U'-

UFp

UFÜS'-

SU'A Sr)U

U(S

-sosu'

2 SQp

-» US'     (/SV    >US'Q'S'      ßS'     SOUS'

should both commute.

The effect of the foregoing discussion is to replace Ct, s>, C, D, etc. by the

following:

aci=
QG

•cf
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where, for example, QG(A, a) = (GA, Go • XA, 8A).   For purposes of cohomology,

we still need to know a little more.   It is necessary that Y*¥   = 0$   preserves

abelian groups and that Cm<n(P, M) - &G((FGc/^)m+ xrV 'P, (QJsJ)"* 'rW/Vl)

induced by Y*H   = 0$    is an isomorphism of complexes of complexes of abelian

groups.   A necessary and sufficient condition for this is that S commute with

finite products.   One can either verify this directly, or combine results in [9] and

[28] together with the observation: S   preserves finite products because SU' does,

and U creates (inverse) limits and is faithful [21].

For the convenience of the reader, we now list our assumptions and nota-

tional conventions.

(1 ) There is a diagram

in which a and C have finite products, S —iQ, F -h U, p' —■ U', S'—tQ', and S

commutes with finite products (up to unique isomorphism).

(2) T = UF, G = SQ, T'=Q'S', G' = F'u', G"=S'Q' , T" = U'f', S and

S' ate cotriplable, U and U  ate triplable.

(3) A: TG —> GT is a mixed distributive law.

(4) p: SU' -* US', a: TS — ST', ß: US'Q'->SQU ate natural equivalences,

with a a triple map relative to "P: C —* &G and ß a cotriple map relative to

<D:£-aT.
(5)0- and p are compatible with the counits e, e ; and ß, p ate compatible

with the units r), r) .

The data (1) through (5) allow the replacement of the diagram in (1) by the

diagram:

,T
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Under these conditions, we say that i) is bialgebraic over Ct.

We now need a "dictionary" to allow us to translate from the homogeneous

situation of y II to the nonhomogeneous situation in which we now find ourselves.

The translator is rW=0<D':3) — fij, and for Pin |3)| we will write r*'(P) =

(P, 77., TT ) where rr  : TP —► P and 27  : P —» GP in Ct, etc.   This is not strictly

true, since W  (P) = (US  P, -, -), but we feel that notation has proliferated to a

sufficient extent already in this paper.

An abelian group M = (M, y,, y A in 3) = CfG is a bialgebra  (M, y., y A

together with bialgebra morphisms +: (M, y ^, y2)x (M, y^, y2) —* (M, y ^, y2),

0: 1 —• (M, y  , y ), and -: (M, y  , y ) —> (M, y  , y A subject to the usual condi-

tions (see §11).   Among other things, this means that the diagrams

T +
TiMx M)-

TPlnTp2

TMxl

r1.p1xr,-p2

Mx M

-+TM MxM -+M

Pjxr2.p.

GMxGM

1
GiM x M) ■

G+     *->GM

->M

both commute, where  GM x GM —» G(M x M) is the inverse to the map Gpj II Gp

(which is an isomorphism because of our assumptions).   Again  T nM =

(Q(A>(A)n (M, y.) y A is an abelian group for each 22 > 0 because Qr$ c preserves

finite products.

Given an object  P = (P, 77., 77 ) in D = Cf     the complex of complexes

Cm'n(P, M) translates into the complex of complexes Dm'n(P, M) = CÎ(TmP, GnM)

with boundaries  d: â(TmP, GnM) — Cf(TmP, G"+lM) and d: d(TmP, GnM) —

CÎ(Tm+1P, G*M) defined as follows.   Let A.: G^G"'^ -» G¿+ Vc""*" XM denote

G'AG
n-2-l

, and A;: T; + 1GTj + lrTm-j- 1P — T'GTm~'P denote TjXTm~j~lP.   Defir

d£: Dm'"(P, M) -* Dm,"+ 1 (P, M) by

G/. A0. X1   ...  A™"1 . Tm272    if z'=0,

dl(f)=     G^ôG"'^- f if 1 < i<n,

Gny2 • f if 2'=22 + 1,

and then <9 = I(- !)'>'.   Define rf7': Dm'*(P, M) ->Dm+I'"(P, M) by

IG"y, • A    1 * A   7

'l n-\ n-2

f . T'~1uTm~'P

f .   T    27j

A0 . Tf   if j = 0,

if 1 < /< 222,

if   / =  272 +   1,
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and then d = 1(- 1);îz".   As an illustration of the proof that this is the correct

translation, we consider d"+   .   Following /down and across the bottom in

Q(TmP, G"M) - ^&TciAFTcUTc)m+lAP, nvn2), (ßJsJ)«+1(M, y., y2))

7 + 1

diTmP, G"*lM) + aTGiiFTGUTGr+liP, V *2), iQTGSGY+2iM, yv y2))

yields

.0 X722-1        rjjn/ H» G"y2 ■ f m GiG"+y1 -Xn---XQ)- XGn+1M • TGiGny2 • f) ■ TiX-'-X""1 • Tmn2)

which is  Gn*2y. • X     .•••An • TG
' 1 72+1 0

r-772 + 1
i xj"+  y2 • TGf • X   • - -X™ • Tm+ ltt2, whereas

following / across the top and down yields / (-> GiGny. • X     .

TGf ■ T(X°---Xm-1 • Tmn2) ̂ Gn+ly2 • G"+1yi ' VV TGf ■ X1

Tm+  n?.   The end result is the same because   G"+  y    • Gn+  rr, • X

/~n + 2G  + y.

A0)-AG"M

G"+1AM TYi •A, G       y,

o
r-n+ i

2  * G        7' 1

;"+1am
o
« +1,

2 -"»-■ "o-«     /i   u     "'"'"„■""o'1     Gyr

The formulas for the boundary maps in    D '*(P, M)    ate the reasons for calling

this the "nonhomogeneous" situation [9].

Since our hypotheses on 5) = ($G  imply those of Proposition 5, we turn

immediately to  H (P, M).   A nonhomogeneous one-cocycle is an ordered pair (a, b)

where   a: GP —» M,  b: P —» TM in d such that

(i) a ■ Tn1- a ■ pP + Yi ■ Ta= 0,

(ii) Gy2- b-8H • b+Gb

(iii) b • 77, - Gyj • XM • Tb - Ga

ff2 = 0,

AP • Tzr, + y   • a = 0.

Let zVZ   (P, M) be the abelian group of all nonhomogeneous one-cocycles.

A nonhomogeneous one-coboundary is an ordered pair  (y.  ■ Tc — c • rr.,

y2 • c - Gc ■ rr2) where c: P —> H in 3.   Let  zVB  (P, M) be the abelian group of

all nonhomogeneous one-coboundaries.   Then NHl(P, M)= NZl(P, M)/NB1(P, M),

and f/1 a zVW1.

An M-object in 2) = aG is a pair ((P', 77'   772), o) where °: (M, y ,1 y A) x

(P , 77,, 77,) —> (P  , 77,, 77 ) is a bialgebra morphisnv subject to the two conditions
H fng r>'   °     n'

of §11.   Again, we will write fog tot X-> M x P —» P   whenever it is convenient

to do so.   Given /: X —> TiM x P), g: X —* M, h: X —» P we have the equations

27, • T o • /= y, • Tpj '/»i, • Tp2 • / and 772 • ig ° ¿>) = y2 • g ° 772 . i.   Note

that for  22 >0,  ((QTGSTGTP', °=iQTcSTGT°) is a iQlsTGT M-object.

An M-principal object over P is an M-object (P  , °) and a bialgebra map

p: P      *P as in §11.   We will partially translate conditions (iv) and (v), leaving

the rest to the reader.
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(iv) For each n > 0 and each/, g: CXtf.,£2) ->(G"P', G"n[ • An_ , • • •

0, z5Gn~   P') in (?G such that G*p • /= Gnp • g   there   exists   a   unique

»- l.,\ •    Z?T/: (X,tf,,f2) —(CM, Gnyx • An_, • ■ • AQ, 8Gn~ lM) in Cí¿ such that g = /  o/.

(v) There exists a fixed s: P —» P' in Ct such that p • s = P.

A morphism g: (P', °, p, s) —> (P", o, a, s') of M-principal objects over P

is a map g: P'—» P"in Cf such that a • g = p, g • (/ ° h) = / o g • h, 27, • Tg =

g • 77j, and 27" • g = Gg • tf,.   As in §11 we get a category Jlfö(P, M) of M-

principal objects over P and their morphisms, and TW': jO(P, M) —» 71/G(P, M)

is an equivalence of categories.

We complete the translation by giving A: \Jlfö(P, M)| —» NZ (P, M) (see

Proposition 2).   Given  (P',°, p, s)in \yifö(P, M)\, A(P',°,p,s)= (a, b) where

a ° s • 77, = 77, • Ts and b ° Gs • rr2 = tt2- s.

Theorem 6.  There exists a junction A"1: 7iZl(P, M) — ¡?tiP0(P, M)| saci

that A • A-1 = NZ^P, M).   Moreover, both A-1 • A(P', °, p, s) awa7 (P', o, p>s)

are in the same connected component of JljO(P, M) for each (P   ,°,p,s) in

\n96(p, m)\.

Proof.  Given a nonhomogeneous one-cocycle (a, b) we define A-   (a, b) =

(B, z3j, |62) by setting B = P x M in Ö, /3, = [27, • p, x (a • p, + y, • p2)] •

Tp,IITp2, and /32 = c • b72 • p, x (b • p, + y2 • p2)] where c = (Gp,nGp2)_1 and

p. is the ¿th projection.   There are a number of things to verify.   First, ß.   is

associative because

/3, •Tßl = [rrl •plxi0.pl+yrp2)]. Tp2Y\Tp2

• T[nx -p^ia.p^y^ Pj)} . TiTpx RTpJ

= [t7j . plxia.pi+yl . p2)]. Tnl . T2PlYÍTÍa. Tp{ + y, . Tp2)

= *, • 7V, . r2p,m«- tv, . r2p,+y, . T(a. rpj .+y, . rp2)]

= 27, • T77, • T2Pl u [a • 7V, -T2pl+ (y, . Ta . T2p, + y, . Ty, . T2p2)}

= 27, . T27, . T2px UK« • 7-77, + y, . Ta) . T2px + y, . Ty, . T2p2\

= 77, .T77, •T2p,nta.pP.T2p, +y, . Ty, . T2p2]

= 27, . pP . T2p, uto • pP • 7-2p, + y, . pM . T2p2]

= [z7, . pP x (a • pP + y,   . pM)] . T2p{ \~\ T2p2

= [tt, • p, x (a • p, + y, . p2)] . [pP x /j/M] . T2p, Y[t2p2

= [77, • pxxia. pi+Yl. p2)} . Tpil\Tp2- piP x zM) = 0, . pB.
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The fourth equal sign follows because + is a T-morphism, the fifth because + is

associative, and the sixth because a is a cocycle.   The coassociativity of ß.  is

proved dually.   To show that /3.  is counitary, we first demonstrate that

eM • b • p j : P x M — M is 0.

tM ■ b • p, = (M ■ (GM . 8M ■ b • p, = eM • (GM ■ (Gb ■ tt2 + Gy2 . b) ■ p.

= eM ■ ((GM . Gb ■ n2 + (GM • Gy2 • b) • p,

= (eM • (GM ■ Gb ■ rr2 + (M . (GM • Gy2 • b) ■ p,

= (eM . è . eP • 772 + (M . GeM . Gy2 • ¿) • p, = (eM . b + (M . 6) • p,

= eM • b • p. + eM • b • pj

and M is an abelian group, so  (M • b • p. =0.   Hence

eß • ß2 = e(P x M) • c • [t72 • p, x (è • p. + y2 • p2)]

= eP • 772 • p. x eM . (è • p, + y2 • p2)

= p, x (eM • è . pj + (M ■ y2 . p2) = p¡ x (eM . b ■ p, + p2) = pl x p2 = P x M.

The (dual) proof that  /3,   is unitary is left to the reader.   To see that (B, /3,,/32)

is in  |aG|  we must still verify that ß. and /32 are "coherent".   Since the com-

putation is similar to that given above, we delete it.    Hence  G/3, • Aß • Tß2 =

ß2 • j8j, and A-1: NZl(P, M) — |aG|.   We define an action of M on B by

o: M x B ——>P x M x M-ÍB where r is the twist map, p, • r = p   and p    • r = p..

It is easy to see that ° • (M x °) = ° • (+ x B) and ° • (° x B) = B, so we verify

that ° is a morphism in a   .   It is a coalgebra morphism because

Gp. TÍGp2 ■ GiPx+) . Gir x M) ■ c . (y2 • p, x /32 • p2)

= (GPx+) • (rx GM) . (y2 • p^t^j • p, x (è • px + y2 • p2)])

= (GPx+) • ([»72 • p, x(è • p, + y2 • P2)] • Px x y2 • p2) • At x M)

= (tt2 • p, x [fe • p, + y2 • p2 + y2 • pj]) • At x M)

= U2 ■ p. x ib • p, +y2 • p2)] • (Px+) • At x M) = Gp,riGp2 • ß2 • o

and  Gp.IlGp.   is an isomorphism.   A similar proof yields  ß    • T(°) = °* (yt •

p, x ß    • p  ) • TpAlTp  .   Hence  (B, o) is an M-object.   The first projection
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p.: B —' P makes it an object over P (the verifications that p    is a morphism in

dj.  are trivial), and  s = PIÎ0: P —> B satisfies p    • s = P.   Only condition (iv)

for principal objects remains to be verified in order to show that A-   (a,  b) =

((B,ßvß2),o,pvs)is in |5l£P0(P, M)\.   So suppose /, g: (X, «f j, £2) -*

(G"B, G"^! ■Af|_1---A0, 5Gn_1B)inaJ (where SG" !B =/S2) such that G"p, •/=

G^ • g.   Define /": X — G"M in 3 by J = G"p2 • g - G"p2 • /.   Then /"°/ = g

and /   is unique with respect to the given property.   This essentially says that B

is an M-principal object over P in AÎ, and we need only show that /  is in (lG.   We

do not give the computations, but remark that as an aid in demonstrating that /  is

a T-morphism, one needs the following "multiplicative"   property of /3,: given

h: X —G"M and k: X — G"B in d, Gny, • Xn_l---XQ • Th ° G"/3, -A^,---

A0 • T/e = G*/3, -A      j • • • A0 • Tib ° k).   This can be verified by straightforward

calculation. Hence A-1: NZ\p, M) — \Ti?6(P, M)\.   Next, A • A"'(a,  b) =

A(B,ßltß2)= («', b') where a'o(PllO)- 77, = /3, • T(PnO) and ¿' ° G(PIIO) • 7r2 =

ß2 • (PnO).   But /3, • T(PnO) = 77jII(« + y, ■ 0) = 77,na = 27,11(0 + 0 • 77,) =

a o(PlIO) • 77, so that a = a'.   Similarly, b = b ', and A • A" l = /VZ'(P, M).

Finally, let iP',°,p, s) be in |!)TiP0(P, M)|.   We define g:P' —B=PxM in 3

by letting g = pîlz where z °s • p = P'. We claim that g: (P', °, p, s) —»

A-1 • A(P',o, p, s)is in?IfP0(P, M).   Since ß2 ■ ipllz)= n2 ■ pUib • p + y2 • z)

and  G(pIIz) • 772 = Gp • n2 IIGz • rr2 = 772 • pYÍGz • tt2  (up to unique isomorphism),

g will be a G-morphism if and only it b - p + y2 • z = Gz • rr2.   But

(¿2 . p + y2 • z) o G(s • p) • rr2 = y2 . z o (b • p o Gs • rr2 • p) = y2 • z o rr'2 • s • p

- rr2 • (z o s • p) = 272 = Gz • rr2 o G(s • p) • rr2

which implies the result.   One can show that z • 77. = a • Tp + y. • Tz by letting

them both operate on 5 • p • n[, and then ßl • T(pIIz) = 77j • pU(a • Tp + y, • Tz)=

rr, • pllz • 77, = p • 77jIIz • 77,= (pllz) • 77,.   Hence g is a T-morphism.   That

P\ ' g = P ls easy, and g • ° = ° • (p. x g) follows because (z • 0)0 (5 • p • o) =

(p, + z ■ p2)o(s ■ p - o).   Hence A"1 • A(P',o,p, s)and (P',o, p, s) are in the

same connected component of 7l9ö(P, M).   This completes the proof of the theorem.

Theorem 7.  If 3) is bialgebraic over â then ú>: uQ(90(P, M)) -. Hl(P, M) is

an isomorphism.

Proof.  This is a corollary of Theorems 4 and 6.

V. What to do if there are not enough group objects.  We restrict our attention

to the case when 3) is bialgebraic over S.   Often 3) = ($G will not have "enough"
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abe lian group objects, in the sense that there is only one and it is trivial.   We

then have to pass to a category of modules for our coefficients, and we now say

what this means in the generality of CfG.

Fix an object (P, 27,, v 2) in â Q.   Let CfJ /E (E = "exponential") be the

category having morphisms  (P', 27,, rr2) — T "(P, 77,, rr2) in CfG, 72 > 0, as its

objects where  T' = QGS   .   Morphisms in Cl    /E ate described as follows:

&TG/EiiP', tt[, n'2) - T'niP, 77,, n2), (P", 27',', ■£) - T'">iP, 77,, n2))

Commutative squares

= < Commutative triangles

Commutative squares

P'-

T

-P"

in   CfG   if   272 <  22,

n
np 1        t Y'mp

in   Cf^.   if   222 =  72,

in   CfG   if   272 > 72,

where

Írj'T'"1-1

p'T""-1

P . rj'T

P p'T'n-2P

JT'm-np     i{  m>n,

if   0 <  222 <  72.

Composition of morphisms in (XG/E is via juxtaposition of triangles and/or

squares.

Recall that 77'P: (P, 77,, 27.,) — T'(P) = (GP, Grrx ■ XP, 8P) is just 77.,.   Thus

77': T'nP — T'mP lot n < m is 8Gm-"-2P •• -8G"- lP where 8G~ lP = 272. .Let

öT/£ be the category of objects over S^T'nP = (GnP, Gnnx • Xn_x---XQ),

n > 0, in Cf     with morphisms analogous to those in CtG/E.   Let \xG/E be the

category of objects over  UG T'"P = (GnP, 8G"~1P), n > 0, in C?G with morphisms

analogous to those in CfG/E.   Let &/E be the category of objects over

SGUGT'np = UTsJ.T'nP = G"P,       n > 0,

in Cf with morphisms as before.   This means
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ä/EiP' — GnP, P" — GmP)

Commutative squares

P'->P"

GnP—1—>GmP

in   Cf   if   722 < 72,

P'

Commutative triangles \ / in   Cf   if   222 = 72,

GnP

P'- ^P'

Commutative squares in   Cf   if   272 > 22,

G"P->GmP

where z3 = SGm~""2P • •-Sg"" !P, SG~ !P = 77.,, and ( = eGmP • • • eGn~l P.   We

now have the following picture:

0.1/E Z
Sl/E

FTG/E UTG/E

OJE

Ql/E

SG/E

FT/E

î QT/E

UT/E

<?r/£

where the functors pointing to the right or downward forget structure morphisms, and

QjEiP' - GnP) = (GP\ 8P') - (G" + 1P, SCP),

FT/EiP' — G"P) = (TP, pP') — (TG"P, pG"P)

-   (G"P,G"77, .An_, ...A0),
G"77,.An_,...X0

QTG/EiiP', 27',) - (CP, G"t7, . An_, ... A0))

iGP', Gn\ .XP',8P') ->(C" + 1P,Gn+177, . An... XQ,8GnP),
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fZ/EAAP', n'A ̂ AGnP,8Gn-A)

= ATP ', pP ', XP ' . Ttt2 ) — ATGnP, pGnP, XGnP . T8G"-1 P)

->AGnP, Gnn. . X    ,...X.,8Gn-xP).
rn~.     \ , i        72-1 u

Now  ETG/E-*UTG/E, FT/E^UT/E, S^/E -< Q J/E, and SG/E^QG/E.

For example, r¡: AÎG/E —> QG/E SQ/E and e: SQ/E QG/E ~* d/E ate given by

t/KP', 77p - AGnP, 8Gn-lP)] : [AP', 77p - iGnP, 8Gn~lP)]

->[iGP',8P') -^iGn+1P,8G"P)]

where

P'-

P

GnP
%Gn~lP

-*GP'

Gp

Gn+lp

and

where

e[P'-^ GnP]: [GP'-+ Gn + lP] ~^[P' — GnP]

GP'—^-->P'

Gp

Gn+1P >GnP.

Similarly, for  FT/E^UT/E we have e[(P', u[) -> (P, 771)] = 77jand r]ÍP ' — P] =

rjP'.   Note that a   U  /E F   /F-algebra structure on  P'-£> GnP in d/E  is a commu-

tative diagram

"■',

TP'- >P'

Tp

TG"P

G"77rA72-r,-Ao

GnP —
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such that 77, • 77P'= P' and 77, • pP'= 77 j • Ttt[.   But these are precisely the con-

ditions that  (P', 77J)^(G"P, Gn77, • An_,---A0) be an object in QT/E.   The

conditions for morphisms are also the same, and hence   U  /E is triplable.   More-

over, Sc/E is cotriplable because a S   /E QG /B-coalgebra structure on  P   —>

GnP in Cf/E is a commutative diagram

P'. -+GP'

Gp

Gnp      SG"-lP    >G„+lp

such that eP' • 772= P> anc* 8P' • rr'2= Gtr2 • tr2.   But these are the conditions for

(p, „') JL, (GnP,8G"~1P) to be an object in &C/E, and similarly for morphisms.

Does   A: TG   -» GT   "lift"   to   X/E    in   this   situation?   Well,

UT/E FT/E SG/E QC/E(P'-^ GnP)= TGP'-*TGn+1P -^Gn+1P  and

SQ/E QG/E UT/E FT/E(P'^ GnP)= GTP'—GTGnP -^Gn+lP so we consider

TGP'
xP' ■GTP'

TGp GTp

TGn + 1P -—->GTGnP

G       77,- \n- Gn+1n.-Gx    ,.
1 n-l GXr

Gn + lp Gn + lp

This diagram obviously commutes and defines X/E.   That it is a mixed distribu-

tive law follows easily.   In this situation a, ß, and p of §IV are each identity

natural transformations.   Finally, if we assume that Cf and CfG have pullbacks

and SG preserves them, then Q/E and Ct   /E will have (nonempty) finite products

and SG/E will preserve them.   This is immediate as soon as one realizes that

the product of p: P'-> GnP and a: P"~>GmP in Q./E is the pullback of p and

(GnP • eG"+   P •• • (Gm~ P • a in Ct for 72 < 222, and the pullback of p and a in C?

for n = m.   As a result of all we have done so far in this section, we know that

CfG/£ is bialgebraic over Q./E.

However, there is no terminal object in 0-G/E and this makes it difficult to

talk about abelian group objects there.   This problem is bypassed by noting that

the only reason we required an abelian group object in §§II through IV was to get

a complex of complexes of abelian groups.   For this something slightly weaker
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will do. Let (P', 77-j» 772) —> (P, 77 , 77 ) be a P-module [9]. This means that p is

an abelian group object in the comma category idG, (P, n , rr )), or equivalently

that there exist commutative diagrams

P^-^P'        P'^^P'

\/P P\/P
P P

in ar with 722, z, u subject to the usual abelian group axioms.   Then for each

(P\ 77", 772') ̂  (P, TTj, 772) in aJ/E, dTG/EÜFTG/E UTG/E)n+lq,p) is a complex

of abelian groups.   Moreover, Q    IE S   /E p is a QG/E S   /E(P, ir , 77 )-module

because   Q   /ES   /E   preserves   finite   products,   and    (P ', 77', 77') ■£+

(P, 27,, 772) H5T'(P, 77,, ?72)= (GP, G77,   -AP, ¿5P)   is   also   a

QG/E Sj,/E(P, 77., ?72)-module (essentially because  77P is a monomorphism).   In

addition rjp: p —> Qc/E S^/Ep is a homomorphism of abelian groups because

QG/E Sg/E preserves finite products.   From this (and induction) it follows that

dTG/E((FTG/E UTG/E)n+Xq, (QTG/E S^/E)m + lp) is a complex of complexes of

abelian groups.   Let Hn(P", P  )p be the nth homology group of the associated

double complex.

The proofs of § § II through IV are valid for coefficients equal to a (P,77j,772)-

module, and we now interpret explicitly the classification theorems for the special

case of the identity map in the first variable.   By Proposition 5, H (P, P  )p   =

dTn/EiP -^ P, P'AL, p) = (dTrt P)(P, p) which is just all commutative triangles

*(P', rr'v 772)

in dTG.

The group H (P, P')p will be isomorphic to equivalence classes of principal

objects, which in this situation are called extensions of P by the P-module

P' —> P.   An extension of P by p consists of

(1) An object (P", 77", ffj) -^ (P, »Tj, 772) in dG/E and an operation

P
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,< P
which is compatible with the addition and zero of P —»P.

(2) For each

and

in 0.1/E,  q.(fog)=q-G' ~*   '      V      ft'- 1      g-

(3) For each 72 > 0 and each

X

rrl m p .

in  0r/E there exists a unique

-►     f"p•nD"

rr,ln
T  q

-+T'nP

X -+T'nP'

r -+T'nP

in O   /E such that g = f  ° f (where o = T'n°).

(4) There exists a fixed s: P —> P"in Ct such that q ' s = P in Ct.   The reader

can provide the definition of a morphism of extensions (see §11).

VI. Examples.  In this section we offer some examples in which bicohomology

is applicable, and see what H   and H    are in these cases.

Example 1. For the simplest case, we take Ct = (E, $ = 3), U = U', F = F',

and S, Q, S , Q the appropriate identity functors. This puts us in the situation

of Beck's thesis [9], and we get a plethora of examples.

(a) With S = Sets, S = Groups, and F ■ free group functor, one has HliP, M)S

EM (P, M) where EM is the Eilenberg-Mac Lane theory [12] with P operating

trivially on M.   More generally Barr and Beck [5] have proved that Hn(P, M) =

EMn+1(P, M)iotn> 1.

(b) With Cf = Sets, S = K-modules, and F = free K-module functor, one has

H"(P, M) S Ext"(P, M ) for 72 > 0 [9].

(c) Let X be a topological space, Cf = the category of sheaves of sets over



470 D. H. VAN OSDOL

X, i> = the category of sheaves of abelian groups over X,   U the obvious forget-

ful functor, and F the left adjoint of U (see Example 3).   Then for any two sheaves

P,  M in 5), H°(P, M) at 3)(P, M) and HliP, M) Sé equivalence classes of short

exact sequences  0—* M —> P' —> P —> 0 in 2) such that there is a map UP —> UP'

of sheaves of sets with  UP —* UP   —> UP the identity.

(d) Let K be a field and take a = graded, connected, commutative K-algebras,

Jo = graded, connected bicommutative Hopf algebras, and F = graded tensor

algebra functor.   Then H (P, M) classifies sequences of Hopf algebras which

look like  M—M®P-^P in a [9].

(e) Let P be a fixed group, d = Sets, S = Groups, and F = free group func-

tor.   Then a P-module as defined in §V can be naturally identified with a right

P-module in the classical sense  (P  —> P gets identified with its kernel M).

Barr and Beck have shown [5]

Der (P,M), 72=0,

FM"+1(P, M),       22 > 0,

where FM is the Eilenberg-Mac Lane theory [12].

(f) Let K be a commutative ring, d = Sets, ÍB = K-algebras with 1, F = (non-

commutative) polynomial K-algebra functor, and P a fixed K-algebra.   Then a P-

module (§V) "is" a two-sided P-module in the classical sense, again via the

kernel functor.   If p: P' —» P is a P-module then Barr has shown [4]

ÍDerK(P,Kerp), « = 0,

Sh" + 1(P, Kerp),       n > 0,

where Sh is the Shukla theory [25].

(g) This is the same as (f), except we let d = K-modules, and F = tensor

algebra functor.   Then (see [3])

!DerK(P, Kerp), 72=0,

Hoch" + 1(P, Ker p),       72 > 0,

where Hoch is the Hochschild theory [18].

Example 2. Somewhat dually to Example 1 we can take d = %, C = D, Q =

Q', S = S', and U, F, U', F' the appropriate identity functors.

(a) Let X be a topological space, d = Sets'   ', £ = !?(X, Sets) = the category

of sheaves of sets on X, S: Ç. —♦ d the stalk functor (which takes a sheaf of

sets P to the set of stalks \P  \ x £ X\, and Q: d —* (Ü the functor whose value

HniP, P'),
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at 1A   | x £ X\ is the sheaf which takes an open subset V of X to II Ax (product

over all x £ V).   The cotriplableness of S is proved in [28] and [29], see also

[16].   Note that QS is the Godement standard construction [14], the first triple.

An abelian group M in C is precisely a sheaf of abelian groups, but what is an

M-principal object over a sheaf of sets P?   It is a sheaf of sets P   lying over P,

being freely operated on (on the left)  by M, and having stalks  Px = Mx x P%.

(The "triviality" of the stalks is part of the proof of Theorem 6.)   One can verify,
i   °      i

then, that P is the sheaf coequalizer of M x P   ^=» P .   A map of principal objects
2

will be a sheaf morphism f: P  —► P    such that the diagram

MxP'

commutes.   Intuitively, H (P, M) tells how many (equivalence classes of) sheaves

there are having stalks  MxP   and P as quotient of the group action MxP  —>

P'.   Of course  /7°(P, M) S C(P, M).

(b) Let X be a topological space, Ct& = the category of abelian groups, Cf =

Oí'   ', C = j(X, OIL) and S, Q as in Example 2(a). Again S is cotriplable, and an

abelian group M in C is just any object of (_.   One checks that an M-principal

object over P is simply a short exact sequence  0 —»M —* P  —»P —> 0 of sheaves

of abelian groups such that for each x in X the sequence 0 —► M    —* P      ' P   —'0

is a split exact sequence of abelian groups.   Two principal objects are equivalent

if there is a commutative diagram

0 —M

Hence  H (P, M) is a relative Ext, that is  H (P, M) C Ext (P, M) is the subgroup

consisting of extensions of P by M which have split stalks.   If P has projective

stalks then  H (P, M) = Ext (P, M).   Using standard techniques of homological

algebra (as in [20, Theorem 8.2]), one can prove that z7n(P, M) SI RExt"(P, M)

where RExt"(P, M) is the subgroup of Ext"(P, M) consisting of 72-fold extensions

in which the corresponding short exact sequences all have split stalks.

(c) One can carry out the analysis of the first part of Example 2(b)for sheaves

of (not necessarily abelian) groups, and conclude that  H (P, M) classifies
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extensions of P by M having stalks split as groups.

(d) To illustrate §V in this simple case let X be a topological space, K a

sheaf of commutative rings over X, K -alg =   the category of associative  K -

algebras with identity, d = ïl K -alg (product of categories indexed by all x £ X),

C = the category of sheaves of commutative K-algebras over X, S the stalk func-

tor, and Q as in Example 2(a)—(c).   The cotriplableness of S is proved in [29].

Since the only abelian group in C is the zero sheaf, the techniques of §V are

necessary.   Let P be a fixed sheaf of K-algebras and let  P -£>   P be a P-module

in the sense of §V.   Then the zero map P -2» P' splits p, so that as sheaves of

K-modules P   Se P ® M where M = the kernel of p.   The fact that the addition map

P    xp P  -^> P    is a map of sheaves of K-algebras implies that multiplication in

M is trivial.   The action of P on M is given by ab = (a, 0)(0, b) in P  , ba =

(0, b)(a, 0).   Hence M is a sheaf of two-sided P-modules, and P   is isomorphic

to the split extension of P by the sheaf of P-modules M.   The assignment of the

abelian group  P  —* P to its kernel M is in fact an equivalence between P-modules

(in the sense of §V) and sheaves of two-sided P-modules in the usual sense [9l.

Now let  P"X P be in &/E and consider / in C/E(q, p).   This means f'.P"-+P'

is a map of sheaves of K-algebras and p • / = q.   Probing more deeply, given an

open set V in X, fV: P V —* PV © MV being a map of KV-algebras means

fV(xy) = fV(x)fV(y) = (q(x), f(x))iqiy), f'y)) = (qix)q(y), q(x)f(y) + f(x)qiy)).
Hence / corresponds to a morphism /: P  —» M of sheaves of K-modules satisfying

fVixy) = qV(x)fV(y) + fV(x)qV(y).   On the other hand, given such an /: P" —» M

we can define g in (_/F(</, p) by g = qllf, and these passages are mutually inverse.

Now a morphism of sheaves of K-modules /: P   —> M satisfying the above condition

is called a q-derivation of P   into the sheaf of P-modules M, and we let

Der (P", M) be the set of all such [7].   Then C/Eiq, p) Sé Der (P", M) as

abelian groups, where the addition in Der (P", M) is pointwise.   We now examine

the structure of Ç./E(q, QSp).   An element / of this group will be a morphism

/: P"—» QSP' of sheaves of K-algebras such that QSp • f = 77P • q (see §V).

Using the good exactness properties of QS one sees that the (JSP-module QSP —*

QSP can also be interpreted as  QSP © QSM —* QSP, and then / corresponds to an

f]P • ^-derivation of P"into the sheaf of QSP-modules QSM.   Hence C/E(q, QSp)Sé

Der   p. (P", QSM).   Note also that QSM is a sheaf of P-modules via r/P: P —*

QSP ("change of ring" [10]) so that we can consider £/Eiq, QSp) Sé Der^P", QSM).

Specializing to the identity map in the first variable, we are interested in the 0th

and 1st homology groups of the complex Derp(P, QSM) —» Derp(P, iQS) M) —'

•••.   According to the theory of §V,  W°(P, P')p Ot Derp(P, M) and HX(P, P')p

will classify extensions of P by p.   As soon as one notices that  M    is a two-

sided  P -module for each x in X, it is not difficult to see that a typical element
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of HliP, P')p  is represented by a short exact sequence  0 —' M —* P' —» P —» 0

of sheaves of K-algebras such that  0 —> M% —> P"x ~' Px ~' 0 is split exact as

K -algebras for all x in X.

(e) The techniques of Example 2(d) can be mimicked in order to derive ana-

logous results about sheaves of Lie algebras, commutative algebras, etc.

Example 3. We now use the full generality of §§II—V.

(a) Let X be a topological space, R a sheaf of commutative rings over X,

3) = the category of sheaves of ß-modules over X, C = the category of sheaves of

sets over X, S = II R  -modules, CÎ = II Sets (where the products are taken over

all x in X).   Let S and S' be the stalk functors, Q and Q   as in Example 2(a)—(e),

U and U' the obvious forgetful functors, F = IT Fx = the product of the free Rx~

module functors, and F   = the "free" functor which associates to a sheaf P of

sets the sheaf of R-modules associated to the presheaf F  P where F  P(V) = the

free R(\/)-module on the set  P(V).   Once one knows the distributive law, the rest

of the requirements of §IV are easy to check.   The distributive law A: UFSQ —>

SQUF is defined in [28], but we review that construction here for the convenience

of the reader.   Given jAj x £ X) in 0 and V open in X, define <pV: U'f'Q\A   } —

QUF\A   \ by requiring that

»p n \—*l— n ufa
xeV     x xeV

UF(pio\  ) pro)

UFA
x

commute.   Then X\Aj = UFSQ{AJ  * SU'F'QIAJS SQUF\A\.   Given sheaves

P, M in i) the general term of the double complex which we are to look at is

JJÜF  U )  +   P, iQ S  )m+  M) with induced boundary operators.   This means that

we are "homming" the "free" resolution of P into the Godement resolution of M

[14].   By the general theory of §IV, /7°(P, M) 9. 3)(P, M) = the R(X>module of

sheaf homomorphisms of P into M, and H (P, M) ^ Ext1 iP, M) = equivalence

classes of short exact sequences  0 —»M—» P ' —» P —> 0 in 3).   The requirement

of a "section" s: US'P —> US'P' in 0 is trivially met because   P'—> P    is onto

for each x £ X (the reader should compare this with Example 2(b)). One conjec-

tures that H"iP, M) S*Ext"(P, M), and this has been proved in [27].

(b) Let Cf, c, S, and Q be as in Example 3(a).   Let 3) = the category of sheaves

of groups on X, C = II Groups, S' the stalk functor, Q' its right adjoint, U and U'

forgetful functors, F and F' "free" functors and A analogous to Example 3(a).
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An abelian group M in D is just a sheaf of abelian groups, and the double complex

for Pin 3) looks like 3)((F'ii')*+1P, (Q's')*+1M).    Here    H°iP, M) S 3)(P, M)

and H (P, M) S Ext (P, M) = equivalence classes of exact sequences  0 —> M —»

P'^P -»1 in 3).

(c) If one desires a group action, he should proceed as follows.   Let every-

thing be as in Example 3(b) and fix a sheaf of groups P.   Then a P-module P' -^

P in the sense of §V corresponds, via its kernel M, to a sheaf of P-modules in

the   usual   sense.   Under   this   correspondence,   the   double   complex

3)/E((F'/E U'/E)*nP, (Q'/E S'/E)*+1p)becomes Det((F'u')*+1 P, (Q'S')*nM) where

Q S   is now the Godement triple in the category of sheaves of P-modules.   The

group H°(P, P')p "is" Der(P, M) and H\P, P')p classifies short exact

sequences  0 —► M —> P' —> P —> 1 in 3).

(d) Let a, C, S, and Q be as in Example 3(a).   Let R be a sheaf of rings over

X, D = the category of sheaves of associative Px-algebras (with 1) over X, ß =

II R -algebras, S   and Q   as in Example 2(d), and A analogous to Example 3(a).

If we fix a sheaf P in J) and an abelian group P —> P in (3), P) then as in

Example 2(d) we have 3)/F((F'/E U'/E)*+ V, (g '/E S'/E)* + 'p) S

Derp((F'(;')      P,iQ'S')     M) where M = kernel of p.   We conclude that

W°(P, P')p = Derp(P, M)and Hl(P, P')p classifies singular extensions of P

by the P-module M.   This example was worked out ad hoc in [29].

(e) There is no inherent reason in Example 3(d) to descend all the way to

the set level.   For example let £, %, S , and Q be as in Example 3(d) but let

C = the category of sheaves of R-modules over X and d = II R -modules  (with by

now   obvious   U,  F,   U ,  F  , S,  Q,   and   A).   The   double   complex
*+i &+1 ++i &+1

3)/E((F'/E U'/E)     P,(Q'/ES'/E)     p) Sé Det p((F ' U ' )     P,(Q'S')      M) has

the same symbols as Example 2(d), but now F  U   is "the tensor algebra on the

underlying module" lifted to sheaves instead of "the polynominal algebra on the

underlying set" lifted to sheaves.   This time  H°(P, P')p Sé Derp(P, M) and

H (P, P')P 1S ln one-to-one correspondence with equivalence classes of singular

extensions of P by M such that 0 —> M   —> P' — Px —> 0 is split as R -modules

for each x in X.

(f) One can use similar techniques to interpret the absolute and relative

bicohomology theories for sheaves of Lie-algebras, commutative algebras, etc.

(g) Apparently bicohomology applies to Hopf algebras (bialgebras in the

sense of [26]) as well as to sheaves.   This will be studied in a future paper.
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